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1.®�b�n�/ABC	%�O,BO∩AC = F,CO∩AB = E,EF�¥R��BCuD,DE ∩

BF =M,DF ∩ CE = N .eEM,FN�R�²©��uEFþ�:K,¦y:∠BAC = 60◦.

2.®�m = 42,�8ÜS = {1, 2, . . . , 51m}.A�S�f8,�÷v|A| = 50m.¦y:�3��f

8X,Y ⊆ S,÷v

(1)X ∩ Y = X ∩A = Y ∩A = ∅

(2)
X
x∈X

x =
X
y∈Y

y

(3)
X
x∈X

x2 =
X
y∈Y

y2

3.�½�êp,®�n, a���ê,�gcd(a, p) = 1. y²:�3Ã¡�k ∈ N+,÷vpn | kk − a.
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4.¦���λ÷vé��÷vai < 2i��¢êa1, a2, . . . , an.Ñk

nX
i,j=1

{aiaj} ≤ λ
nX
i=1

{ai}

5.¢êxi 6= 0, i = 1, 2, . . . , n.¿�k
Pn
i=1 xi = 0.¦eª����.

 
nX
i=1

x2i

! 
nX
i=1

1

x2i

!

6.e[0, n]�n�¢êf8S÷v:0 ∈ S, n ∈ S.eS + S = {x+ y : x, y ∈ S}¥Tk2n���,K

¡S�n−Ð�. ¦¤kn−Ð�8ÜS��ê.

7.¦¤k�¼êf : R→ R,÷vé?¿¢êx, yþk

f(f(x) + y) = 2x+ f(f(y)− x)

8.�½��êp, q,÷v1 < q < p.¦y:é?¿�êr > p,�3��ên÷v

r |
�
pn

qn

�

3 ���uuu¢¢¢---EEEÁÁÁKKK

1.�T´��²¡�g��N�.é²¡þ?¿ü:,3C�Te�ålØC.y²:�3¢

êa, b, c, d, x0, y0 ∈ R,¦�3N�Te,:(x, y)C�(ax+ by + x0, cx+ dy + y0).

2.¦¤k�ëY¼êf : R+ → R+¦�é

∀x, y > 0, f(
x+ y

2
) = f(

√
xy)

3.®�m,n ∈ N∗,m < n. y²:

mX
i=0

�
n

i

�
<
�
3n

m

�m

4.ék�¢ê8X.Pn(X) = |S|,Ù¥

S = {(x1, x2, x3, x4) : x1 + x2 = x3 + x4, xi ∈ X(i = 1, 2, 3, 4)}

y²:éuk�¢ê8A,B,C,D,8ÜM = {(a, b, c, d) : a+b = c+d, a ∈ A, b ∈ B, c ∈ C, d ∈ D}�
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���êØ�L 4
È
n(A)n(B)n(C)n(D).

5.�½Û�êpÚ�êa.¦�§x2 + y2 ≡ a (mod p)3�p¿Âe�)ê.

6.x > 2´¢ê,y²:e��{üãG¥k≥ x(x− 1)(x− 2)

6
�n�/,KG¥k≥ x(x− 1)

2
^

>.

4 ������777¢¢¢EEEÁÁÁKKK)))ÛÛÛ

1.®�b�n�/ABC	%�O,BO∩AC = F,CO∩AB = E,EF�¥R��BCuD,DE ∩

BF =M,DF ∩ CE = N .eEM,FN�R�²©��uEFþ�:K,¦y:∠BAC = 60◦.

))): (79p!���)

∠KNF = ∠KFN = ∠EFD = ∠DEF ,�K,N,E,D��,ÓnK,M,F,D��. ùL²K´��

o>/MONDEF���:.ù`²K,O,M,E��,K,O,N, F��.

5¿∠EOK = ∠EFN = ∠KNF = ∠KOF ,�OK´∠EOF�S�²©�.
∠EOF = 2∠BAC.

�·�k∠DEF = ∠DFE = 1
2∠EOF = ∠BAC.�DE,DF�n�/AEF	�����.

Pω�AEF�	��,�O′�CE�ωØÓuE��:.

éS�u�ω�8>/AEEO′FF^Pascal½n,EE ∩FF = D,AF ∩O′E = C.�AE,O′F,CD�

:,�AE ∩ CD = B,�B,O′, F��,O = O′.

�O′3ωþ,ùíÑ∠BAC + 2∠BAC = 180◦ =⇒ ∠BAC = 60◦,(Ø¤á.

µµµ555. ù��AÛK�31�K,JÝX¢Ø�. c¡����:Ü©�Øy´Ø(J�,�±Ï

LE,F(½:D� �,J:´XÛ^ÐB,D,C���^�. ùÙ¢´Pascal½n�(�.
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2.®�m = 42,�8ÜS = {1, 2, . . . , 51m}.A�S�f8,�÷v|A| = 50m.¦y:�3��f

8X,Y ⊆ S,÷v

(1)X ∩ Y = X ∩A = Y ∩A = ∅

(2)
X
x∈X

x =
X
y∈Y

y

(3)
X
x∈X

x2 =
X
y∈Y

y2

))): (
w@!���)

·�Ù¢´Ò�y²: ?�S�m�f8B,�3B�ü�ØÓ�f8,ÙÚ�²�ÚÑ��(5¿Ø

��^��±ÏL�K�8�y).

éX ⊂ BPf(X) = (
P
x∈X x,

P
x∈X x

2). �
y²(Ø¤á,·���y²f������ê

�u2m=�.

�
°(/�O,·�I�|^
P
x�

P
x2�'X: éz�ÚS1 =

P
x,·�5wS2 =

P
x2U

��õ��.

dCauchyØ�ª9S'X��
S2
1
m ≤ S2 ≤ 51m · S1,25¿0 ≤ S1 ≤ m

2 (50m + 1 + 51m) =

89103.

�f(X)�������êØ�u

89103X
k=0

(51m · k − k2

m
+ 1) =

8665798181516

3
< 4 · 1012 < 242

=�(Ø¤á.

µµµ555. �Kk��JÝ,J:Ì�3uOê�U?þ,A�Ã<<�÷©. ù��{�Ñyu2017c

#(gG°¬���¯K1.4¥. ·�2Þ��¯K��öS.

�½��êN . ´Ä�3ü�ØÓ�8ÜA,B,÷v|A|, |B| ≤ N2,�éx ∈ (0, 1)¤á

|
X
a∈A

xa −
X
b∈B

xb| < (1− x)N .

3.�½�êp,®�n, a���ê,�gcd(a, p) = 1. y²:�3Ã¡�k ∈ N+,÷vpn | kk − a.

))): (���)

·�én^êÆ8B{. n = 1�,�k = (p− 1)(p− a) + p,d¤ê�½n,Kk

kk ≡ ap ≡ a (mod p)
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(Ø¤á.e�n�¤á,�Än+ 1�,���êk÷vpn | kk − a.K(p, k) = 1

ét = 0, 1, 2, . . . , p− 1,dî.½n±9��ª½n,

(k + pn(p− 1)t)(k+p
n(p−1)t) ≡ (k + pn(p− 1)t)k ≡ kk + (k(p− 1)pn)t (mod pn+1)

dupn | kk − a,¿5¿k(p − 1)�pp�. ��t�H0, 1, . . . , p − 1�,(k + pn(p − 1)t)(k+p
n(p−1)t)

(mod pn+1)�Ha, a+ pn, a+ 2pn, . . . , a+ (p− 1)pn.

��3t÷v(k + pn(p− 1)t)(k+p
n(p−1)t) ≡ a (mod pn+1).

·Kén+ 1¤á,d8B�n�(Ø¤á.

µµµ555. Ï�,���{®²3ÓÆ�%¥Ù�,ùKáu��N´�K8.

��ù�K��{�±^5�Xe2016c�KêÆc���(1nÓ)�K8:

é��êm,¡��êa´���m��7�{,egcd(a,m) = 1,¿��3��êx÷

vxx ≡ a (mod m). �½��ên,±9�nn��7�{a. ¦y:a�´�nn
n
��7�

{.

4.¦���λ÷vé��÷vai < 2i��¢êa1, a2, . . . , an.Ñk

nX
i,j=1

{aiaj} ≤ λ
nX
i=1

{ai} (1)

���YYY:

λmin = 2n+1 − n− 2 +
n+ (2n+1 − n− 2)(2n − 1)È

(2n − 1)2 + 1
.

))): (G�Ê)

é�ê0 < ε < 1,·��an =
È
(2n − 1)2 + 1− ε, ai =

(2i − 1)(2n − 1) + 1− ε
an

, i = 1, 2, . . . , n−1.

�ε¿©�,�±�yé¤k1 ≤ i, j ≤ n,Ñk

(2i − 1)(2j − 1) < aiaj < (2i − 1)(2j − 1) + 1

ùíÑ[aiaj ] = (2i− 1)(2j − 1),d={aiaj} = aiaj − (2i− 1)(2j − 1).�k{ai} = ai− (2i− 1).�\

^�¥��ª,

·���

 
nX
i=1

ai

!2

−
 

nX
i=1

[ai]

!2

≤ λ
 

nX
i=1

ai −
nX
i=1

[ai]

!
⇐⇒

nX
i=1

ai +
nX
i=1

[ai] ≤ λ

⇐⇒ an +
(2n − n− 1)(2n − 1) + n− 1− (n− 1)ε

an
+ 2n+1 − n− 2 ≤ λ (2)
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dε�?¿5(±9¿©�),��

λ ≥ 2n+1 − n− 2 +
n+ (2n+1 − n− 2)(2n − 1)È

(2n − 1)2 + 1

def
=λ0

e¡5y²,éλ = λ0,Ø�ª(¢¤á.

duλ0 > 2n+1 − n− 2 ≥ n2,��
Pn
i=1{ai} ≥ 1�,(1)ª�>≤ n2 ≤(1)ªm>.d�(1)w,¤

á.

e�
Pn
i=1{ai} < 1. k��
Ä��©Û,�ai = bi + ri,Ù¥bi´�ê,0 ≤ ri < 1.

@o

{aiaj} = {bibj + birj + bjri + rjri} = {birj + bjri + rjri} ≤ birj + bjri + rjri (3)

\Ú�±��

nX
i,j=1

{aiaj} ≤
nX

i,j=1

(birj + bjri + rjri) = 2(
nX
i=1

bi)(
nX
i=1

ri) + (
nX
i=1

ri)
2 (4)

e(3)¥��k��Ø�ª´î��,K(4)�U?�(4′)

nX
i,j=1

{aiaj} ≤ 2(
nX
i=1

bi)(
nX
i=1

ri) + (
nX
i=1

ri)
2 − 1 ≤ 2(

nX
i=1

bi)(
nX
i=1

ri) ≤ λ0(
nX
i=1

ri) (4′)

d?^�
bi ≤ 2i − 1.d�Ø�ª(1)�¤á.

e��k��bj < 2j − 1,dubj´�ê,Kbj ≤ 2j − 2,K(4)�U?�(4′′)

nX
i,j=1

{aiaj} ≤ (2
nX
i=1

bi +
nX
i=1

ri)(
nX
i=1

ri) ≤ (2n+1 − n− 2)(
nX
i=1

ri) ≤ λ0(
nX
i=1

ri) (4′′)

d�Ø�ª(1)�¤á.

e¡�Ä(3)¥z���ÒÑ¤á,�bi = 2i − 1,∀iþ¤á��/.

Ó(2)�L§,ù��Iy²

a1 + a2 + · · ·+ an + b1 + b2 + · · ·+ bn ≤ λ0

⇐⇒ a1 + a2 + · · ·+ an ≤
n+ (2n+1 − n− 2)(2n − 1)È

(2n − 1)2 + 1

ù�ÿ,∀1 ≤ i, j ≤ n,

[aiaj ] = bibj ⇐⇒ bibj ≤ aiaj < bibj + 1

6



AO/,an <
È
b2n + 1,±9

an(a1 + a2 + · · ·+ an−1) < bn(b1 + b2 + · · ·+ bn−1) + n− 1

�k

an + a1 + a2 + · · ·+ an−1 < an +
bn(b1 + b2 + · · ·+ bn−1) + n− 1

an
(5)

dubn(b1 + b2 + · · ·+ bn−1) + n− 1 < b2n,�(5)ªm>'uan3[bn,
È
b2n + 1)þüNO.

�

(5)�m> ≤
È
b2n + 1 +

bn(b1 + b2 + · · ·+ bn−1) + n− 1È
b2n + 1

=
n+ (2n+1 − n− 2)(2n − 1)È

(2n − 1)2 + 1

d=·�I��(Ø.

µµµ555. Ã<�©. (J�K8.

5.¢êxi 6= 0, i = 1, 2, . . . , n.¿�k
Pn
i=1 xi = 0.¦eª����.

 
nX
i=1

x2i

! 
nX
i=1

1

x2i

!

))): (���)

Ø��x1, x2, . . . , xk > 0, xk+1, xk+2, . . . , xn < 0. w,·�k1 ≤ k < n.

du
Pn
i=1 xi = 0,�PS = x1 + x2 + · · ·+ xk = −xk+1 − xk+2 − · · · − xn > 0.

dCauchyØ�ª

kX
i=1

x2i ≥
(x1 + x2 + · · ·+ xk)

2

k
=
S2

k

nX
i=k+1

x2i ≥
(xk+1 + xk+2 + · · ·+ xn)

2

n− k
=

S2

n− k

dHölderØ�ª

kX
i=1

1

x2i
≥ k3

(x1 + x2 + · · ·+ xk)2
=
k3

S2

nX
i=k+1

1

x2i
≥ (n− k)3

(xk+1 + xk+2 + · · ·+ xn)2
=

(n− k)3

S2

7



�·�k

 
nX
i=1

x2i

! 
nX
i=1

1

x2i

!

≥
�

S2

n− k
+
S2

k

�
·
�
k3

S2
+

(n− k)3

S2

�

=
n2(n2 − 3nk + 3k2)

k(n− k)

= n2
�

k

n− k
+
n− k
k
− 1

�

3x1 = x2 = · · · = xk =
S
k ,xk+1 = xk+2 = · · · = xn = −S

n−k�þ¡�Òþ�±¤á.

N´��3n´óê�,k = n
2�, k

n−k + n−k
k �����2.

3n´Ûê�,k = n±1
2 �, k

n−k + n−k
k �����2 + 4

n2−1 .

�
�Pn

i=1 x
2
i

� �Pn
i=1

1
x2i

�
�����

8><
>:

n2,n´óê

n2(n2 + 3)

n2 − 1
,n´Ûê

.

µµµ555. ��^�ØJuy.rxi©��Küa´g,�Ãã,ù�¦�
P
x2i ,

P 1
x2i
�±�O. ù�K

´1�U�N´�K8.

6.e[0, n]�n�¢êf8S÷v:0 ∈ S, n ∈ S.eS + S = {x+ y : x, y ∈ S}¥Tk2n���,K

¡S�n−Ð�. ¦¤kn−Ð�8ÜS��ê.

))): (
w@)

n = 3�kÃ¡õ�,¯¢þ�S = {0, x, 3}, 0 < x < 3
2 .=ÎÜ�¦,±e�n ≥ 4.

Äk·�Ù�: �A´k�¢ê8,K|A+A| ≥ 2|A| − 1,��Ò¤á��=�A¥���¤�

��ê�.

·�3dÄ:þ8By²:en�k�¢ê8A÷v|A + A| = 2n,KA¥��´,���ê�

�ëYn − 1�2\þ�����(=�a + d, a + 2d, . . . , a + (n − 1)d, a + (n + 1)d½a + d, a +

2d, . . . , a+ (n− 1)d, a− d�/ª(d > 0).

�A = {a1, a2, . . . , an},Ù¥a1 < a2 < · · · < an.

n = 4�,eA1 = {a1, a2, a3}´n���ê�,Kda4 + a4, a4 + a3ØÓuA1 + A1¥���

�a4 + a2, a4 + a1¥Tk���A1 +A1¥���Ó.

e�cö,Ka4 + a2 = 2a3,d��Ñgñ;e��ö,Ka4 + a1 = 2a3½a4 + a1 = a2 + a3,1�

«�¹�Ñ(Ø,1�«�¹�Ñgñ.

eA1Ø�n���ê�,K7ka4 + a2 = 2a3,d�aq?Øa1��¹=y.

b�n�(Ø¤á,5wn+ 1��/.
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eA1 = {a1, a2, . . . , an}´n���ê�,aqn = 4�?Ø�y;ÄK7½k|A1 + A1| =

2n(dan+1 + an+1, an+1 + anØÓuA1 + A1¥���),d�d8Bb��A17ka + d, a +

2d, . . . , a+ (n− 1)d, a+ (n+ 1)d½a+ d, a+ 2d, . . . , a+ (n− 1)d, a− d�/ª(d > 0).

e�cö,Kan−1 + an+1 = 2an,an+1 = a+ (n+ 3)d,ù�an+1 + an−2 = 2a+ (2n+ 1)d´�

�ØáuA1 +A1�Ø�an+1 + an+1, an+1 + an���,gñ;e��ö,N´y²(Ø¤á.

·Kén+ 1¤á,d8B�n�·K¤á.

dþã(Ø´�n ≥ 4�S�k{0, 1, . . . , n − 2, n}Ú{0, 2, 3, . . . , n}ü«�U,�d�Ð�n�

f8k2�.

µµµ555. ù�¯K´é;.�\5|Ü¥�_¯K(�Ñ8Ü�5��¦(½Ù(�),êÆ¿m¥ù

a¯K��I�é���5�(��!�ê�)?1ß��©Û.

ù�¯KØI��õ��£,��¦'�pY²�©Û¯K�Uå,Ó��k�½��µ,AT`´

��ÐK. 'u8Ü¥�¹��ê��¯K,·�k±e�

½½½nnn(Freiman) �k�n(≥ 3)��ê8A÷v|A+A| = 2n− 1 + a ≤ 3n− 4,KA�

¹u��n+ a���ê�.

7.¦¤k�¼êf : R→ R,÷vé?¿¢êx, yþk

f(f(x) + y) = 2x+ f(f(y)− x)

))): éz�¢êc,¼êf(x) = x+ c�T¼ê�§�).

e¡y²Ød	vkÙ§�).

ky²f�÷�. ¯¢þ,-y = −f(x)�

f(0) = 2x+ f(f(−f(x))− x)

=

f(f(−f(x))− x) = −2x+ f(0)

du−2x+ f(0)�Rþ�÷�,�f�Rþ�÷�.

dþ���3¢êa÷vf(a) = 0.3�§¥-x = a,K

f(y) = 2a+ f(f(y)− a) =⇒ f(y)− a = f(f(y)− a) + a

qf(y)− a´Rþ�÷�,�x = f(x) + aé¤k¢êx¤á.(Ø¤á.

µµµ555. ù�K´$�dâx�2003c�K8.Q�^�2003cI[è�ÔK. ùp�)�Úg5r

�IMO20036.ù�K´1�U�{üK,é¼ê�§��ÙG�ÓÆAT�±é¯�Ñ5.
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8.�½��êp, q,÷v1 < q < p.¦y:é?¿�êr > p,�3��ên÷v

r |
�
pn

qn

�

))): (G�Ê)

�
y²dK(Ø¤á,dKummer½n,�I�y²�3��êm,n¦�qn3r?�e1m �ê

'qn3r?�e1m �ê�.

ÚÚÚnnn. ���êm¿©��(��6�r),é?¿�u1�Ø��êr�Ø���êp,p1, p2, . . . , pϕ(r
m)3r?

�e1m �0, 1, . . . , r − 1Ñygê��.(¡�þ!©Ù)

ÚÚÚnnn���yyy²²². �p�rm−1���k,Kpk ≡ N · rm−1 + 1 (mod rm).

Äk`²,�m¿©��,�±¦�N 6≡ 0 (mod r). ¯¢þ,ùÒ´�y²,éu?¿¿©

����êm,p�rm−1��Ø�up�rm��. Äk,7,�3��¿©����êm0, ¦�p

�rm0−1��Ø�up�rm0��,�p�rm0−1���k0.

Kd,�½n,��é?¿�α ∈ N∗,

vr(p
k0rα − 1) = m0 − 1 + α

vr(p
k0rα+1 − 1) = m0 + α

�p�rm0+α���k0r
α+1.�(Ø¤á.

éu,�α ∈ N∗, α < k,�Äpα, pk+α, · · · , p(r−1)k+α,Kéu∀t = 0, 1, . . . , r − 1,¤á

ptk+α ≡ (tN · rm−1 + 1)pα ≡ tNpα · rm−1 + pα (mod rm)

�ù�|ê3r?�e1m ´0, 1, . . . , r − 1���ü�,u´�±��p, p2, · · · , pkr3r?�e

1m ��þ!©Ù,5¿�kr|ϕ(rm),�òd(Øòÿ�p, p2, · · · , pϕ(rm)=�.Úny..

b�(ØØ¤á,@o�m¿©�,Kpn, qn3r?�e1m �ê7L�Ü�Ó(Ï�dÚ

n,pn, qn, n = 1, 2, . . . , ϕ(rm)31m þ!©Ù,�qn3r?�e�1pn �êéA�uqn 3r ?

�e1m  �ê).

�´,�¿©��m,¦�logr p
m− logr q

m ≥ 1,dur > p,��3��ên,¦�3r?�e,pn3

1m �êi�",
qn�p ��1m ,gñ���K(Ø¤á.

µµµ555. Ã<�Ñ. �K��XÃ:w,´Kummer½n(½Lucas½n),´daK8¥��(J�¯

K.¯¢þ,$^�K��{,�±y²éur�?¿�g(Øþ¤á.
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5 ���uuu¢¢¢---EEEÁÁÁKKK)))ÛÛÛ

1.�T´��²¡�g��N�.é²¡þ?¿ü:,3N�Te�ålØC.y²:�3¢

êa, b, c, d, x0, y0 ∈ R,¦�3C�Te,:(x, y)C�(ax+ by + x0, cx+ dy + y0).

))): (
w@!4d()

é:(x, y)�ÄC�S(x, y) = T (x, y)− T (0, 0),KC�SE,�å,�÷vS(0, 0) = 0.u´,C�Sò

z�±�:��%��N��g�,
���þ?ü:�mC�c�ålØC,¤±3z���þ

C���J´^=Ú��U\�C�,¤±�½´�5�.�e5,�Ä�x2 + y2 = 1.Ø�b�C

�SòÙþz��:ÑN�g�,ÄK,�C�SEÜ���5C�=�.d�,²¡þÙ{�:�§

����Ã¡õ����:�å,u´¤k�:ÑN��g�,nþ��(Ø¤á.

µµµ555. �K¢Sþ´�y²²¡þ��åC���¤�5C�Ú�²£�EÜ. �åù�^��

r
. �Káu²;(Ø,éAÛC�k�½
)�ÓÆATé¯�±�Ñ5.

2.¦¤k�ëY¼êf : R+ → R+¦�é

∀x, y > 0, f(
x+ y

2
) = f(

√
xy)

))): é?¿�¢êa > b,-x = a +
√
a2 − b2, y = a −

√
a2 − b2.@o�\�ª��f(a) = f(b).�

�f´��~�¼ê.ù�w,´�Ü).

µµµ555. ¿vk^�ëY5�^�. ¯¢þ,�½
x+y
2 ±�,

√
xy��H(0, x+y2 ]. ù�Ò�Ñ
y².

ù´��x©K.

3.®�m,n ∈ N∗,m < n. y²:

mX
i=0

�
n

i

�
<
�
3n

m

�m

))):
mX
i=0

�
n

i

�
≤

mX
i=0

ni

i!
≤ (

n

m
)m ·

mX
i=0

mi

i!
< (

n

m
)m · em < (

3n

m
)m

ùp^�
�ê¼ê��?êÐmem =
+∞P
i=0

mi

i!

µµµ555. ��ªXê�� ´N´���. ù��C�´u¦Ú,���z�Ú�^n¤Ù. ù´�

�/ª#L�Ø�(J�¯K. �K��én8By².

4.ék�¢ê8X.Pn(X) = |S|,Ù¥

S = {(x1, x2, x3, x4) : x1 + x2 = x3 + x4, xi ∈ X(i = 1, 2, 3, 4)}
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y²:éuk�¢ê8A,B,C,D,8ÜM = {(a, b, c, d) : a+b = c+d, a ∈ A, b ∈ B, c ∈ C, d ∈ D}�

���êØ�L 4
È
n(A)n(B)n(C)n(D).

))): (
w@)

äN
ó,ék�¢ê8X,Y9¢êx,PnXY (a) = |{(x, y) ∈ X × Y : x− y = a}|,·�ò�y�ª

f±nXY5L«.

N´y²n(X) =
P
n2XX(x),

|{(a, b, c, d) ∈ A×B × C ×D : a+ b = c+ d}| =
X

nAC(x)nDB(x).

Ù¥¦ÚÒH{��¢êx,�,·���ù´��k�Ú.

2��
O�ó�: ék��¢ê8X,Y ,·�k

X
nXX(x)nY Y (x) = |{(x1, x2, y1, y2) ∈ X2 × Y 2 : x1 − x2 = y1 − y2}|

= |{(x1, x2, y1, y2) ∈ X2 × Y 2 : x1 − y1 = x2 − y2}|

=
X

n2XY (x).

�dCauchyØ�ª

n(A)n(B)n(C)n(D) =
X

n2AA(x)
X

n2BB(x)
X

n2CC(x)
X

n2DD(x)

≥
�X

nAA(x)nCC(x)
�2 �X

nDD(x)nBB(x)
�2

=
�X

n2AC(x)
�2 �X

n2DB(x)
�2

≥
�X

nAC(x)nDB(x)
�4
.

µµµ555. �Kk���JÝ,XJv�Laq?nÃ{�{´éØN´�. k²��ÓÆ�U¬Áã

�Eü�,��ê�õJ±��,�´ØÐ�. F"±�\�ê��{�Ñ(Ø.

5.�½Û�êpÚ�êa.¦�§x2 + y2 ≡ a (mod p)3�p¿Âe�)ê.

))): (4d(!���)

kO�x2 + y2 ≡ 0 (mod p)�)ê.ep ≡ −1 (mod 4),K�k��).ep ≡ 1 (mod 4),Kk2p −

1|).

25O�S
def
=

p−1P
x=0

�
1−x2
p

�
,5¿�

Pp−1
i=0 i

k ≡ 0 (mod p)(�kØ´p − 1��ê),(Üî.�O{

�±��

p−1X
x=0

�
1− x2

p

�
≡

p−1X
x=0

(1− x2)
p−1
2 ≡ (−1)

p−1
2 (p− 1) ≡ −(−1)

p−1
2 (mod p)
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¿�·�5¿
p−1P
x=0

�
1−x2
p

�
�ýé�≤ p− 2. �S = (−1)

p+1
2

ep ≡ −1 (mod 4),KS = 1,
�
1−x2
p

�
¥kp−1

2 ��1,k2��0,kp−3
2 ��−1,�a = 1�kp +

1|).

�g´�p�����.ea´�p��g�{,�a = g2k,3�ªü>Ó�¦±g−2k,K(xg−k)2 +

(yg−k)2 = 1,¤±,?¿ØÓ��g�{¤éA�)ê�Ó(ù´Ï�:(x, y)�(xg−k, yg−k)´��

éA),Ó��n,?¿�g��{éA�)ê��Ó. �éz��g�{a,kp+ 1|).

dué¤k�a,�kp2|),¿�é?¿�g��{a¤éA�(x, y))ê��Ó.?
éz�

�g��{a,k 2
p−1(p

2 − 1− p−1
2 × (p+ 1)) = p+ 1|).

ep ≡ 1 (mod 4),KS = −1,
�
1−x2
p

�
¥kp−3

2 ��1,k2��0,kp−1
2 ��−1,�a = 1�kp −

1|).

�g´�p�����.ea´�p��g�{,�a = g2k,3�ªü>Ó�¦±g−2k,K(xg−k)2 +

(yg−k)2 = 1,¤±,?¿ØÓ��g�{¤éA�)ê�Ó(ù´Ï�:(x, y)�(xg−k, yg−k)´��

éA),Ó��n,?¿�g��{éA�)ê��Ó. �éz��g�{a,kp− 1|).

dué¤k�a,�kp2|),¿�é?¿�g��{a¤éA�(x, y))ê��Ó.?
éz�

�g��{a,k 2
p−1(p

2 − (2p− 1)− p−1
2 × (p− 1)) = p− 1|).

¤±,�ª(JXe:

ep ≡ −1 (mod 4),Kp | a�k1|),p - a�,kp+ 1|).

ep ≡ 1 (mod 4),Kp | a�k2p− 1|),p - a�,kp− 1|).

µµµ555. �Fpþ��g�§)��ê3Cc�p?O¿m¥�kÑy,�{��Ó�É.(X2017¥I

I[8ÔèÿÁ1o|13K,o121K) �KI�é�g�{k���\�n).

6.x > 2´¢ê,y²:e��{üãG¥kØ�u
x(x− 1)(x− 2)

6
�n�/,KG¥kØ�

u
x(x− 1)

2
^>.

))): ( è�!���)

·��Ä3�½ãG>ê��¹e,��zãG¥n�/�ê.^N�{,k?1ü�N�.

·�ù�?1N�:

�ä:XJéuãG¥?¿ü�º:u, v,NG(u) − {v}, NG(v) − {u}���¹,����ÿ,?

1N�II.ÄK?1N�I.

N�I:í�G¥�á:.b�º:u, v÷vu, v,NG(u)− {v}, NG(v)− {u}(NG(u)L«u3G¥�

�Ø,Ù{aq½Â)pØ�¹.
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Ø��d(u) ≤ d(v),�H = (NG(u) − {v}) \ (NG(u)
T
NG(v)) 6= ∅,rH¥º:�u�ë�>

�ÜU��v�ë�>,��ãG′,éuãG¥Ø�¹:u�n�/,ãG′¥E,�3;éuãG¥�

¹:u�n�/,ãG′¥k���¹:v�n�/��éA,íØG¥�á:,¿­Edö�. ö�

�
P
w∈G d

2(w)î�üN4O. UY£��ä?.

N�II:í�G¥�á:.�δ(G)�ãG¥���Ý.PG1 = G− {v|d(v) = δ(G)}.

eG1´��ã,N�(å.

eG1Ø´��ã,�x, y ∈ G1, xy /∈ E(G).?�z ∈ G − G1.du?1
N�II,�éu

ãG¥?¿ü�º:u, v,NG(u) − {v}, NG(v) − {u}���¹,��,?
(NG(z) − {x, y}) ⊆

NG(x), (NG(z)−{x, y}) ⊆ NG(y).?¿í�zÚÑ��^>,U�>xy. KãG¥�õ~�d(z)−1�

n�/,��O\d(z)− 1�n�/.í�G¥�á:.ö��
P
w∈G d

2(w)î�üN4O. UY£��

ä?.

duN�IÚN�II¥
P
w∈G d

2(w)î�üN4O,�k�Ú�Ø�UUY?1.

N�IÚN�IIÑ�±G�>êÚn�/�êØ~.

dué>ê�½�vk�á:�ã,n�/�ê�����pØÓ��ãG�kk�õ�.d

N�IÚN�II�Ú½�,�3��ãG÷v

1. G�>ê��½�.

2. 3÷vþ¡�5��,À�G¦�G�n�/�ê�����.

3. 3÷vþ¡ü^5��,À�G¦�éuãG¥?¿ü�º:u, v,NG(u)−{v}, NG(v)−{u}�

��¹,��.

4. 3÷vþ¡n^5��,À�G¦�G− {v|d(v) = δ(G)}´��ã.

5. 3÷vþ¡o^5����,À�G¦�G�º:ê��.

6. 3÷vþãÊ^5����,À�G¦�δ(G)��.

e¡Òéù�G?1�	. ·�y²:|G1| ≥ |G| − 1.

eØ,,�3x, y ∈ G, d(x) = d(y) = δ(G),Kdux, y3G¥Ýê�Ó,K|NG(x) − {y}| =

|NG(y)−{x}|. �5¿NG(y)−{x}, NG(x)−{y}���¹,��.�NG(y)−{x} = NG(x)−{y}.�

�3z ∈ G, xz, yz /∈ E(G),Ù¥E(G)L«G�>8.

@orº:yëÑ��^>U�xz. KãG¥�õ~�d(y) − 1�n�/,��O\d(x) − 1�

n�/.Kδ(G)î�~�.(�dG�À�¥�^�5,²LÚ½3�N��,G¥Ø¬)¤�á:.)ù

�G�À�¥�^�6gñ!
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nÜ±þnÚ,�½G�>êÚn�/�ê�,�±é���ãG0,÷v�±í�G0��õ�

�º:������ã,¿�G0>ê�uG�>ê,G0�n�/�êØ�uG�n�/�ê.

µµµ555. ù�K¥x´¢ê,ék¬ . q�vky{�±lx´�ê¤á�(ØíÑx´¢ê�(Ø.

6 oooµµµ

6.1 ������

1�U�1,3´�é5`�N´�. 2kéõ[!I�5¿,éõÓÆ3�|þ¬k�
[!þ

���,ù�KA�vk÷©. 4�|"©. 5,7´N´K,6�kéõ[!�?n,8�´�". �p�

ÓÆ�V�
o�Kõ�:. ùg�ÁJÝ��ã�,cÙ´4!8,=¦3IMO¥�áu(J�K

8,Ø
G�Ê	,·�Ù{Ê��öþØ¬�.

6.2 ���uuu

�gÿÁ,cnK'�{ü, ­Ä:,��I��)k�½��£�µ. 14K)��,Ø

�,�´Ù�{¹k¿g,��¬�. 15K´k��þØ½�§�)ê�ê,I��)é�g�{n

Øk'����
).16Kk
ÓÆ�éx´�ê��¹y²
(Ø,�é���¢êxv�o�

Ï. 3�|þ,AT�Ñ3K��)Ó
�Ü©. �é3K�Òäk���¿�å.
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